We present a mechanism for the diffusionless transformation of steel from the austenite phase ( ) to the martensite phase( ), which is obtained by minimizing the total Euclidean distance traveled by all the atoms to go from one phase to the other. The resulting atomic pathway, which also minimizes the strain, consists of a rotated Bain deformation, broken into slip planes every sixth (112) plane. By minimizing the displacements of atoms, we seamlessly obtain an invariant plane which makes our result perfectly compatible with the widely accepted Phenomenological Theory of Martensitic Transformations (PTMT) model without making any assumptions regarding the shear planes and directions. Moreover, from our results we find the Kurdjumov-Sach orientation relationship and the {225} habit plane which have been both extensively reported in literature. Finally, from the same transformation mechanism we suggest an explanation for the occurrence of the Pitsch orientation relationship in thin films. * Corresponding Author vstevano@mines.edu (V. Stevanović) ORCID(s):
Introduction
Martensite is the cornerstone of all hard steels; it is used in countless applications ranging from small kitchen knives to colossal water turbines. Martensite is obtained by the rapid quenching of austenite through the martensitic transformation, a diffusionless transition from the face-centered cubic (FCC) austenite ( ) phase to the body centered tetragonal (BCT) or body centered cubic (BCC) martensite ( ' or ) phase. By virtue of its immense technological and industrial relevance, the mechanism behind the martensitic transformation has been extensively studied and theorized in the past century. Bain first proposed a simple mechanism to describe the correspondence between the BCC and FCC lattice-based solely on their lattice properties [1] . Kurdjumov and Sachs [14] closely followed by Nishiyama [18, 19 , as cited in [20] ] proposed similar shear mechanisms equivalent to the ones proposed by Bain with a rotation occurring simultaneously. Their models were based on the measurement of orientation relationships (OR), namely the Kurdjumov-Sachs (K-S) OR and Nishiyama-Wassermann (W-S) OR, in carboniron and nickel-iron alloys, respectively. They are the most commonly observed [16] ORs in martensite. Other ORs were soon measured including the Greninger-Troiano OR [8] which is close to the K-S OR and the Pitsch OR [24] which is observed in thin films [21, 32, 11] . The simple shear mechanisms proposed by Nishiyama and by Kurdjumov failed to explain important features of the transformation such as the habit planes and the commonly observed microscopic twinning of the {112} planes (also known as Neumann Bands in ferrite) [17, 8, 29, 16, 20] . They were abandoned to the benefit of the Phenomenological Theory of Martensitic Transformation (PTMT). The PTMT is based on the theory created by Greninger and Troiano [8] and further developed by Jaswon and Wheeler [10] . However, it is the work of Bowles and Mackenzie (BM) [4, 5, 15] and, independently, the work of Wechsler, Lieberman, and Read (WLR) [30, 31] that truly established the phenomenological theory. All the variants of the PTMT are based on the same three simple principles: (1) There exists an invariant plane, (2) the martensitic transformation can always be described as a Bain distortion accompanied by a rotation (main shear), (3) there exists a second shear (the lattice invariant shear) that is macroscopically inhomogeneous. The purpose of the secondary shear is to guarantee the existence of an invariant plane-which can be interpreted as the habit plane-without changing the arrangement of the atoms. It takes the form of slipping or twinning. The model has been very successful in explaining the observations including habit planes, orientation relationships, and twin/slip planes, but its predictive power is limited by the fact that the shear planes and directions have to be speculated. Extensive descriptions of the PTMT and its history can be found in Ref. [20] and Ref. [13] . Apart from a few modifications to the PTMT to explain the existence of the {225} habit plane [33] , subsequent theoretical research on the subject has been mainly focused on molecular dynamics simulations, a detailed account of which can be found in a review by Ou [23] . In recent years, Cayron et al. have led the effort in developing simple crystallographic models that differ from the PTMT, to explain the transition [6, 7, 2] .
In this work, following the footsteps of Jaswon and Wheeler, we tackle the problem from a purely geometric approach. Using our Structure Matching Algorithm [28] , we find the transition mechanism that minimizes the Euclidean distance that atoms have to travel to go from the FCC to the BCC phase. We present the resulting mechanism in light of the PTMT and show that it leads to the K-S OR, the {225} habit plane, and the {112} slip planes. In addition, we propose an explanation for the occurrence of the Pitsch OR in thin films.
Methodology
In their paper that inspired the PTMT, Jaswon and Wheeler assumed that, "of all the possible distortions of a primitive unit cell of the face-centered cubic structure, which could generate a body-centered cubic structure of the given relative orientation, the one which actually occurs is the smallest." [10] . In practice, it is intractable to try all possible distortions of the primitive cell and the "smallest" distortion is ill-defined. Our solution is to make a slightly different assumption: the most likely transformation mechanism is the one that requires the least displacement of all the atoms in the crystal [26] .
Let us consider the cumulative distance traveled by all the atoms to go from the austenite to the martensite phase in a bloc of material composed of atoms. It is given by the following equation:
where are the position vectors of atoms of the initial austenite structure ( = ) or the final martensite structure ( = ) defined as:
is a unit cell of either the martensite or the austenite, and { ⃗ ( ) ∶ = 1 … } are the atomic positions inside . The total number of atoms in this bloc of material is = ( − 1) 3 .
The choice of the unit cell vectors (including their orientation in space) and the order in which the atoms are placed into the cell will determine the process of the transformation. For example, in the Bain correspondence, the austenite cell vectors ( ) would be [110] ∕2, [110] ∕2 and [100] and the martensite cell vectors would be that of the conventional cell rotated clockwise by 45°about the c-axis. There would be one atom at the origin and one at the center of both cells (the relative atomic positions would not change during the transformation). This particular choice of the and { ⃗ ( ) ∶ = 1 … } for both structures fully describes the Bain transformation process and it corresponds to a unique distance 1 .
We can then reformulate our assumption more formally: the actual mechanism of transformation is characterized by the set of and { ⃗ ( ) ∶ = 1 … } that minimizes 1 when → ∞. We have shown [28] that the leading dependence of 1 on the size ( ) is a function of the distortion in the lattice, i.e., the strain. Therefore, by minimizing 1 we necessarily minimize some function of the distortion parameters without having to cherry-pick that function. In other words, our assumption is simply a reformulation of Jaswon and Wheeler's assumption more suitable for actual optimization purposes. Our Structure Matching Algorithm is a numerical approach to minimizing 1 . Figure 1 illustrates the method for a simple two-dimensional example; the general principle is the same for real systems. The first step is to cut large finite portions of both the initial and final crystal structures to obtain two sets of points. Then, the initial structure (in red) is randomly aligned with respect to the final structure (in gray). The optimal mapping (i.e., the correspondence between each atom) is then established for that position. Since the sum of distances between each pair of atoms is now well defined, it is minimized with respect to the position of the final structure (in red) while the atoms are simultaneously remapped. The random initial alignment and the distance minimization are repeated several times such that the global minimum can be found. Finally, once the minimal distance is found, the algorithm retrieves the periodicity in the corresponding optimal mapping to obtain and { ⃗ ( ) ∶ = 1 … }. A more detailed explanation of the method can be found in ref. [28] . We wish to emphasize the fact that the algorithm requires only the lattice parameters of the initial and final structure; no other, information about the transformation is known a priori.
Thus, following our assumption, we used our algorithm to find the transformation of pure iron from FCC to BCC. For austenite, we used a lattice parameter of = 3.585Å and we defined the lattice parameter in martensite as = √ 2 3 = 2.927Å such that the closed pack directions have the same atomic density in both structures. This lattice parameter, the hard-sphere packing parameter [3, 6] , is particularly useful in a geometrical study of the transformation to be able to obtain analytic quantities. It also provides a standard for comparison of the different crystallographic theories since the lattice parameter depends strongly on the chosen alloy concentration [20] . Using a value closer to the measured lattice parameter (2.87Å) does not qualitatively change the result presented in this paper, the small quantitative differences will be discussed. Figure 2 shows the transformation mechanism of minimal distance obtained using our structure matching algorithm. The two panels on the left show the unit cell ( ) of the initial FCC state in the basis of the FCC lattice and the unit cell ( ) of the final BCC state in the basis of the BCC lattice each with 6 atoms inside them. As we mentioned, these cells are obtained by finding the periodicity in the optimal mapping between the initial and final struc- The initial and final cells are linked by a transformation matrix such that ( ) = ( ) called the deformation gradient matrix. The matrix itself does not fully describe the transition because it does not account for the displacement of the atoms inside the cell. Indeed, one could imagine a transformation where the specific volume remains exactly constant but where there is a local reorganization of the atoms e.g., atoms moving from one tetrahedral site to another. In that case is the identity matrix and it does not hold any information about the transformation. A transformation mechanism can only be fully described by a distortion of the unit cell and the displacement of the atoms inside that cell (providing that one can find the right transformation cell [28] ). This is how one can account for more complex mechanisms that involve processes that are "latticeinvariant" such as slipping. On the left side of Figure 2 , one can see that, not only the cells have been distorted, but the atoms inside them have been displaced from their relative positions inside the cell.
Results
In order to help the readers vizualize this complex mechanism, an animation of the transformation from the same viewing directions as in Figure 2 and the evolution of the simulated X-ray diffraction [22] pattern for 10 steps along the transformation are provided in the supplementary material. Additionally, the crystal structures (POSCAR format) for 60 steps along the transformation for both possible orientation relationships (see Section 3.4) are available online [27] .
Distortion
Let us first analyze the deformation gradient matrix . According to the polar decomposition theorem, it can always be written as = where is a rotation (unitary) matrix and is a symmetric matrix [9] . Consequently − is a proper strain tensor and its eigenvalues are the principal strains of the transformation. In order to find the eigenproperties of we use the following relations:
where the columns of are the eigenvectors of in the basis of the FCC conventional cell and 1 2 , 2 2 and 3 2 are its eigenvalues. Since is necessarily a symmetric matrix, its eigenvectors can be chosen to form an orthonormal basis such that = . Therefore, we can write:
and finally
In other words, the eigenvalues of are the square roots of the eigenvalues of and their eigenvectors are the same. Our structure matching algorithm gives us the optimal directly. For the minimal distance mechanism, we have: Similarly, in the basis of the BCC lattice going from BCC to FCC, the eigenvalues are inverse and the eigenvectors are given by:
Therefore, the principal strains − 1 are -5.7%, 0% and 15.5%. Those strains are significantly lower than the one resulting from the Bain, Pitsch, Nishiyama-Wassermann (N-W) and Kurdjumov-Sachs (K-S) deformation paths which are, using our parameters, -18.4%, 15.5% and 15.5%. The direction of the largest strain (15.5%) is [001] ∕∕[110] and therefore the two other principal strains lay in the plane perpendicular to it. In the Bain path, one of the two (degenerate) principal strains of 15.5% can always be chosen to be in the same [001] ∕∕[110] direction. Therefore, the difference between our proposed mechanism and the Bain distortion lies entirely in the (001) ∕∕(110) plane (green framed panels in Figure 2 ).
Using the experimental lattice parameter of 2.87Å for martensite, we obtain principal strains of -7.2%, 1.6% and 13.7% compared with Bain strains of 19.7%, 13.7%, 13.7% in that case. The strains are in the same crystallographic directions as for the hard-sphere lattice parameter, i.e., and do not change.
Slipping Mechanism
The reduction of strain in the (001) ∕∕(110) plane is due to the slipping mechanism. Instead of stretching the entire plane in one direction and compressing it in the other, the mechanism is broken down into small sections that slip onto each other so that the strain is minimized. Figure 3 illustrates graphically how breaking down the plane in strips can reduce the macroscopic change in shape and therefore the strain. Imagine a sheet of metal (or any malleable material) that has been stretched from its original square shape by an amount corresponding to the Bain strains in the (001) ∕∕(110) plane; Figure 4 : Schematic of the slipping mechanism in the (001) ∕∕(110) plane. The blue triangle is the initial FCC lattice and the red triangle is the final BCC lattice. Atoms are located at the intersection of solid lines. its dimensions are now 1.155 by 0.816. By cutting the sheet in strips and by sliding them onto each other as in Figure 3 , one can obtain a shape that is much closer to the unstretched 1 by 1 sheet, while, locally, the metal in each strip has been stretched by an amount corresponding to the Bain strains. In our proposed mechanism, the strips are only a few atomic layers wide (6 in this case) and the boundary of the material is not so jagged as in the example in Figure 3 . Moreover, the actual mechanism does not happen in two steps, each strip is distorted through a local shear mechanism that occurs simultaneously with the slipping process. At the end of this process, the microscopic shape of the structure is that of the strained lattice (BCC in this case), while the macroscopic deformation-and hence, the strain-is minimal.
In order for this mechanism to yield a perfect BCC lattice, each strip needs to slip by an integer number of atomic layers. Fulfilling this condition determines the width of the strips. In our proposed mechanism, the slipping process occurs along the [110] ∕[111] direction which is also the closed packed directions for both FCC and BCC. Aligning the FCC (blue) and BCC (red) lattices along that direction as in Figure 4 , one can find the number of rows for which [110] and
[111] become shifted by exactly the distance between two atoms. Figure 4 shows grids of atoms in the (001) ∕∕(110) projection: a right-isosceles triangle (in blue) in the initial FCC lattice and a right triangle (in red) in the final BCC lattice which has exactly the same hypotenuse. The grids are aligned such that atoms located on the hypotenuse do not move during the transformation and the atom located at the right-angled vertex is the one that moves the most. The horizontal distance ( slip ) between the right-angled vertex of the blue and red triangle, i.e., the distance traveled by the atom that moves the most, must be equal to the interatomic distance in that direction ( √ 2 2 ). From this condition, with simple geometry, the number of rows can easily be calculated to be exactly 6. Looking at the red and blue dotted lines in Figure 4 , one can see that the vertices are separated by exactly one interatomic distance. It is important to note that this slipping mechanism is fully described by the displacements of the atoms within the transformation cells (see Figure 2 ). This explains why our algorithm finds unit cell of 6 atoms; each atom in the cell is displaced along the [110] /[111] direction (blue cell vector) such that the condition is fulfilled at the end of the transformation.
In Figure 4 , the ratio between and is 2 √ 2 3 = 0.943 which explains the remaining -5.7% principal strain in the [110] ∕∕[112] direction. This small strain in concert with the slipping of every 6th plane is sufficient to produce the same BCC lattice in the (001) ∕∕(110) plane as the -18,4% and 15,5% Bain strains.
Invariant Plane
Since one of the principal strains is zero, there necessarily exists a plane that is undistorted by the transformation. The vectors of that plane have the following properties:
Therefore, 2 = (10)
where = are the vectors of the invariant plane expressed in terms of the principal strain directions (in the basis of the eigenvectors). This equation takes the form:
which can be written as a plane equation in coordinates of the strain directions:
The vector [ √ 2 0 ± √ 6] is perpendicular to that plane and it can be expressed in coordinates of the austenite lattice:
This plane is approximately 0.5°from the low index (22±5) plane.
Using the experimental lattice parameter, the smallest principal strain is not exactly zero and there does not exist a plane that is fully invariant. The invariant vectors rather form a hyperboloid that approaches the shape of a plane as the smallest principal strain approaches zero (See equation (12)). However, there always exists a plane that is uniformly scaled such that the angles between its directions are preserved, i.e., it is similar, in the geometric sense, to the initial plane. Vectors of that plane obey the following equation:
where k is a scalar, independent of the choice of . We can write:
where = are the vectors of the uniformly scaled plane expressed in terms of the principal strain directions (in the basis of the eigenvectors) and 1,2,3 are the eigenvalues of such that 1 < 2 < 3 . This equation takes the form:
The vectors will form a plane only if = 2 in which case the equation becomes:
The lattice mismatch between the transformed plane and its equivalent in austenite is 1 − 2 . In the limit where 2 → 1 the mismatch is zero and the plane is invariant. Using the experimental parameters, we find the uniformly scaled plane to be about 0.4°from the low index (22±5) plane with a mismatch of 1.6%.
Orientation Relationship
The orientation relationship is fully determined by the rotation matrix in = . It is the relation between the initial austenite lattice and the final martensite lattice.
First, let us consider that the invariant plane (or in general, the uniformly scaled plane) is also the habit plane between the two phases. In that case, the rotation is the one for which the invariant plane does not rotate during the transformation. Thus, we can rewrite equation (17) as:
Where are unitary vectors of the invariant plane. We have the following equations for two linearly independent vectors in the invariant plane:
From these two, we can produce a third equation:
Where * HP is the unitary vector normal to the invariant plane (equation (16) ] such that they are orthogonal and unitary. We can rewrite equations (25) , (26) , and (27) in matrix form:
and
Finally, using simple matrix algebra, we can find = ( and are unitary matrices and they yield a proper rotation matrix).
The orientation relationship is given by the transformation matrix that changes the basis from FCC to BCC. Let us transform a vector ( ) from the FCC basis to the BCC basis:
transforms the vector into the unrotated FCC basis, converts it to the eigenvalue basis and finally Q converts it from the eigenvalue basis to the BCC basis. which is another variant of the K-S OR. With the experimental lattice parameter, we find the same orientation relationship with a misalignment between the {111} and {011} planes of less than 0.4°.
So far, we have enforced that the invariant plane does not rotate during the transformation such that it is common to both the austenite and martensite lattice. Now, let us consider the case where the strain directions of the initial and final structures are aligned, i.e., the situation where there is no extra rotation during the transformation and = . In that case the OR is given by: 
which is parallel to [111] . In other words, we find the following OR: 
Discussion
The mechanism presented in the previous section bears striking resemblance to the PTMT. Like mechanisms resulting from the PTMT, our mechanism yields an invariant plane, the main shear process is a rotated Bain distortion and the slipping process is a lattice invariant shear that is macroscopically inhomogeneous. None of those features were implemented a priori in our algorithm, they all flow naturally from minimizing the distance. The key factor that makes these features possible and distinguishes our model from previous work is the addition of the individual atomic displacement inside the cell. Indeed, the transformation mechanism cannot be fully described by a single distortion matrix because it does not take into account microscopic displacements within the distorted lattice. The addition of a second "lattice invariant" shear in the PTMT had the purpose of solving this very issue. In the original WLR paper and in numerous subsequent studies, [29] researchers have used the {112} as the lattice invariant plane because striations parallel to that plane (sometimes referred to as Neumann bands) are commonly observed on martensite [12, 16, 25, 20, 13] . Our algorithm seamlessly finds the slipping process to be along that plane. Evidently, since we impose the final structure to be a perfect BCC lattice, our algorithm cannot find a twinning process instead of a slipping process as it would lead to a different lattice. However, by simply inverting the direction of the local displacements of the atoms for one column of unit cells along the [110] /[111] direction as shown in Figure 5 , we can obtain a twinned lattice. This would yield a mechanism very similar to the one presented in Ref. [2] without having to assume the OR. In that study, researchers also found the {11 √ 6} habit plane and found that the twinned and untwinned lattice yield two variants of the K-S OR. Additionally, a nearly identical lattice where atoms every sixth (112) layers are common to both the twinned and the untwinned lattice have been theorized by Mathewson and Edmunds [17] 1 based on similar geometric considerations as in section 3.2.
Moreover, the mechanism of minimal distance naturally contains an invariant plane. This plane can be interpreted as the habit plane since it is common to both the martensite and the austenite lattice. We found the (11± √ 6) plane which is only 0.5°from (22±5) . The (225) habit plane is one of the few experimentally observed habit planes for low alloy plate-like martensite [13, 33] . When using experimental parameters, we found that there exists a uniformly scaled plane which is only slightly dilated by the transformation. This plane lies less than 0.4°from (22±5) . Interpreting the uniformly scaled plane as the habit plane allows us to readily obtain the {112} slipping process as well as the (225) habit plane without having to use a dilatation factor or addi-1 Nishiyawa later reported this as an experimental fact without any reference probably misinterpreting Greninger and Troiano's citation of Mathewson and Edmunds tional shear processes which have been highly criticized by the detractors of the PTMT [33] .
The rotation necessary to align the invariant planes in the initial and final structures yields the K-S orientation relationship which, as mentioned previously, is the most commonly observed OR in plate-like martensite. We obtained this result without implementing any experimental observation to the model apart from the lattice parameters of martensite and austenite.
During the martensitic transformation in bulk materials, austenite does not fully transform into martensite; the two phases coexist after the transformation. The mechanism is therefore constrained by the habit plane at the boundary between the two phases. It is that constraint and the corresponding rotation that lead to the K-S OR. However, in thin films, the austenite can fully transform into martensite and the two phases do not coexist after the transformation. Therefore, there is no habit plane and there is no constraint on the relative orientation of the two structures. In that case, = such that there is no rotation component in the deformation. In other words, the mechanism is the same but the strain directions do not rotate during the transformation, for that reason it is the true mechanism of minimal distance. As we have shown in section 3.4 this leads to the Pitsch OR which can explain why it is this OR that is observed experimentally in thin films [21, 32, 11] . In Figure 2 the strain directions are in line which means that the FCC and BCC lattices at the top and bottom parts of the figure respectively are aligned in the Pitsch OR. The mechanism proposed by Pitsch [24] to explain his OR is simply a Bain distortion ( = ) in concert with the necessary rotation to obtain that OR. In that sense, the optimal mechanism can be seen as a Pitsch distortion broken down into slip planes.
Our initial assumption was that the most likely mechanism of the martensitic transformation is the one that requires the least displacement of all the atoms in the crystal. We found it by directly minimizing that distance using our structure matching algorithm. As we demonstrated, the resulting mechanism is compatible with several experimentally observed features of the transformation which suggests that our assumption was correct.
Conclusions
In this paper we studied the martensitic transformation of pure iron from the austenite ( , FCC) phase to the martensite ( , BCC) phase. We used our structure matching algorithm to minimize the total Euclidean distance that atoms need to travel to go from one structure to the other. Using solely lattice parameters as inputs, we found a mechanism which consists of a Bain distortion broken down into slip planes every sixth (112) layer. It is in perfect accordance with the broadly adopted Phenomenological Model of Phase Transformations as it involves a slipping process that leads to an invariant plane. We find the invariant plane to be approximately (22±5) which is one of the few experimentally reported habit planes for plate-like martensite [13, 33] . Align-ing the invariant planes in both structures, we find the widely reported Kurdjimov-Sach orientation relationship [16] . Finally, by removing the constraint of aligning the invariant planes, we obtain the Pitsch orientation relationship which can explain its occurrence in thin films.
